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We show that the unparticle action that is made gauge invariant by the inclusion of an open 
Wilson line factor can be transformed into the integral-differential operator action that avoids the 
use of the Wilson line factor. The two forms of the action should therefore give the same Feynman 
diagrams. We also show that it is relatively easy to construct Feynman diagrams using the operator 
action. 



00 ' 1. INTRODUCTION 

o : 

, One approach to making Georgi's [l| 0] unparticle action gauge invariant has been to introduce an open Wilson 



line factor that obeys the Mandelstam condition Q on its derivative [3] || • Recent work 0] 0] H has shown that the 
Mandelstam condition in this context is mathematically inconsistent. Another approach to gauging the unparticle 
action has been found Q that uses an integral-differential operator method and avoids the Mandelstam derivative. 
t^j- , In the following we show that these two methods are equivalent in that the action using the Wilson line can be 
' transformed into the operator action. They should therefore give the same unparticle-gauge field Feynman diagrams. 
In Section 2 we review briefly the Wilson line unparticle action. In Section 3 we review the operator action. In 
section 4 we show their equivalence. The use of the operator action to find gaugeon-unparticle vertexes is dicussed In 
Section 5 and the single gaugeon vertex is derived. The double gaugeon vertexes are derived in section 6 and a brief 
O i' discussion of general Gaugeon-Unparticle diagrams is given in section 7. 
<D ' 

2. THE WILSON LINE UNPARTICLE ACTION 

The unparticle action introduced by Georgi [l[ 0] has been extended by Terning et al Q 01 to 

On 

m ; 1=1 d^xd^l (x) K (x, y) W A (x, y) <S> U (y) (1) 

_ 

' where 
00 ' 
O 

K (x, y) = [- (d^) x + ie] 2 " d " 6 4 (x - y) 

= 2sinM M )e^ f _d^ e . lp( ^ y) , , i£? - du (2) 



and 



_ i6^ 5 / 2 r^ + i/2) 

dU (2n) 2d ^{du-l)T{2d u ) [6) 

Here Wa is a path ordered Wilson line, involving an integral of the gauge field over the path A, introduced to make 
the action gauge invariant: 



Wa (x,y) = Pexp 



-ig I A a (C)dC 
>y 



(4) 
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The path ordering is from x on the left to y on the right. Wa is assumed to satisfy the Mandelstam |3[ condition 
on its derivative, 



In Ref. [8( it was shown that for an actual Wilson line there should be an extra term on the right hand side of 
Eq.([5]). In the following however it is shown that if one assumes there does exist some sort of factor that obeys this 
Mandelstam condition, then the Unparticle action can be transformed into a form that does not require the W\. 



We review here the differential-integral operator notation for action integrals introduced in Ref. 9] . 
We introduce kets \x, i)that are the eigenkets of an abstract position operator X^, and also carry the gauge 
representation index i, 
satisfying 

X»\x,i)=x*\x,i) 
(x, i\ x',j) = <5 4 (a; — x') Sij 

and kets \p,i), eigenkets of the conjugate operator P M , 



— W A (x, y) = +igA v (x) W A {x, y) 



(5) 



3. THE OPERATOR UNPARTICLE ACTION 



Pu \Pu,i) =Pu \p,i) 
(P,i\p',j) = <S 4 (p-p')Sij 



(7) 



e -ipx 

P,j) = ——a 




with 



[x*,p v ] = -isi; 



(8) 



We identify the unparticle fields <i>„with Hilbert space vectors 




(9) 



Note that it follows from the above that 




idfj, \x,i) 

d 4 x \x,i) id^l (x) 



(10) 




Using the branch integral formula 




(11) 



we can write the ungauged unparticle action as 



I = ($„ \K | $„) 



where 



A 



Jo 



X 2 ( M T 



M 2 _p2 _ i£ 



with 



An - 



2 sin 2 (nd u ) 



The gauge field A^can be considered as an operator on this Hilbert space, with 



Under the gauge transform 



The combination 



transforms as 



A„= J d 4 x\x,i)A« (x)T l a j {x,j\ 



4* -» 4 = e +i9A ^e- iflA + X - [e +49A , P„] e" 



D„ - = e +iaA D^e- igA 
so that replacing P M by Z)^ gives us the gauge invariant action, 



(M 2 ) 2 " d " 



M 2 -D 2 - ie 
1 



-|*«) 



I = K dM 2 (i 



4. THE EQUIVALENCE BETWEEN THE ACTIONS. 

We will assume here that there actually is a factor W(x,y) such that 

d 



— W (x, y) = +igA ll (x) W {x, y) 



and that 



W(x,x) = 1 



Using the branch cut integral of Eq. ( [TTjl , the kernel of Eq. ( [TJ) can be written as 



K {x, y) == K / dM 2 
Jo 



{M 2 f 



a P -ip(x-y) 



with the parameters E n given by 



M 2 + d 2 -ieJ (2tt) 4 

r°° (M 2 ) 2 ~ du 

oo 
n=0 



E n = Lim m ^ K I dM 2 {M 2 f du " 



where the limit is to be taken after the summation. 
Now, the integral 



/„ = (-1)" E n I d 4 xd 4 y^ u (x) {d xli d% - ief S 4 (x — y)W (x, y) $„ (y) 



(-l) n E n / d 4 xd 4 y<S>i(x) 



d x/x - igAfj, ( -d x - igA 1 * - ie 



S 4 (x-y)W (x, y) $„ (y) 



after integrating by parts and using Eq. ( \T\^i . Integrating out y and using Eq. ( makes this 



I n = (-l) n E n j d 4 x& u (x) 
= E n f d 4 x<$>i (x) 



d xfi - igAfj, ( -d x - igA* 1 - ie 



$u (a;) 



id Xfi + gAftj [-id x + gA^j + ie (a?) 
Using Eq. ( [T0|) this can be written in the operator notation of Section (3) as 

In = E n <*„| [(P„ + gA^) (P M + gAJ + ie] n 
= E n ($ u \ (D 2 + ie) n \<S> U ) 

Summing, we get the action of Eq. ( I2U|). 

5. GAUGEON-UNPARTICLE VERTEXES 

The operator method gives a relatively simple way of deriving unparticle-gauge field vertexes. Let 



G M (P) 



M 2 - P 2 - ie 



Then Eq. ( 120)) can be written as 



°° poo 

I = Kq / dM 2 (A/ 2 ) 2 " ($ tt | G M (P) [ZG m (P)] n \$u) 

n=0 J ° 



where 
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Z = g{P^A,} + g 2 A^ (30) 
Recall that the propagator for the gauge field in Feynman gauge is 

<fi| TA a a (x) Ap (y) |fi) = iD A (x - y) VoifS 5 ab 
= -ri a p5 ab ( dtpe-^-rt— 



(2tt) 4 -P 2 ~ is (31) 
= *V af 3S ab J d 4 pe-^< x -y>-^D A (p) 

Where we denote the particle vacuum state by Q and the zeroth order propagator by a zero subscript. 
The propagator for the unparticle is 

■"•/^"^w (32) 



iS 1 * / d A pe^ p - {x - y) —^ / dM 2 (M 2 ) da ~ 2 -^G M (p) 
J (27r) Jo 27r 



We will use here the notation 



Then 



and 



M*) = [ ^P e -^ u (p) 

K(x)= [ -^P e -^A a a ( P ) 

J (271") 



|$ tt ) = / d 4 x\x,i)$i (x) 
(2tt) 



A a = J d 4 x\x,i)A a a {x)T%(x,i\ 

-*\ q + k ,i)Al (q)mk,i\ 
(2tt) 



(33) 



(34) 



(35) 



We consider first the single gaugeon vertex. The single gauge field interaction can be seen from Eqs. ( [29]) and 
( SDJ) to be 



h = gK / dM 2 (M 2 ) 2 " - G M (P) {P^ A^} G m (P) |* u > 
Jo 



(36) 



Which can be written now as 



h = 9 K J™ dM* (Af 2 ) 2 ^ J d l/d ^ td P & u (pO (p'\ G M (pO k + (9 + 20 



A„ (q) (£\ G M (p) \p) (p) 

= . 9 X /" dM 2 (Af 2 ) 2 ~ d " / 0/ - g - p) 

Jo J {2,1:) 

*l (P') G Af 0') (p 7 + p)" A„ (q) G M (p) (p) 

Where we have suppressed the representation indices. 

We consider now the vacuum expectation value of the Heisenberg fields: 

Vt (u, v, w) = (fi| T (*« (u) A a a (v) ${t | n) 
To lowest order in g, this would be given by 

/AAA 
dVtfVdVS* (U - u') D A (V -V)S (w' - w) — — r ; %h 

Now inverting Eq. ( I33|) , we have 



(p) = / (a;) 
^ (P) = / dW* x A a a (x) 



From which we get, 



S = f d ^K(p) s 



and similiarly, 



= I d 4 pe ip - x -J- — 
S*l (p) 



5A%{x) J * 8A%{p) 



Equivalently, 



= d*x-^ 



.S& u (x) 5 



5& u ( P ) J 6& u (p) S^ u (x) 



X p-ip-x 



(2^) 4 SK (x) 
d 4 x ■ 5 



5A-(p) J (2tt) 4 5A%{x) 
The vacuum expectation value in momentum space is 



Vi ja (p',q,p)= / d^ud^vd^we^'^-^-P^V^i^v^) 
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Which becomes 



V* ja (p',q,p)=i 3 / d 4 u'd 4 v'd i w'S(p r )D A (q)S(p)e< p '- u '-^ v '- p - w ') 4 — 

J Aff) 1 ! („,l 

Eq. ( |4"5|) makes this into 



(u') $A<*« ,5$i 



i/i (45) 



(p', <?,p) = * 3 S (p>) D A (g) S (p) (27T) 12 * nx ~J a ,s x J, 

<5$l T 0') (5^ aa (?) (5$i (p) 



The vertex function is defined as 



(46) 



V* 3 '" (p', 9,p) = (p') (<?) S (p) * 5 (2^) 4 5 (p' - 9 - p) if a (p', g,p) 
The one gaugeon vertex is thus 



(47) 



zg (2nf 5{p'-q-p) if" (p' , q,p) = (2n) 12 J x ~J a , , X J , ^ 

6<S> J (p') 8 A (q) 8®l (p) 



Which becomes, using Eq. ( l37|) . 



r« aa (p', g,p) = (p' + p) a 2£ / dM 2 (M 2 Y a " G M (pO Cm (p) 

Jo 



It can easily be shown that 



G M (p ) G m (p) = — 2 J [Gm (pO - G M (p)] 

p' z — p z 



which makes the vertex into 



(48) 



(49) 



(50) 



5- 1 (p') - 5" 1 (p) 



Exactly the form found in Ref. [j]. 



(51) 



6. THE TWO GAUGEON VERTEXES. 

We consider here the general case of an n gaugeon vertex, and give specific results for the n= 2 case. 
Eq. ( 150)) is a special case of a general result that is useful for the multiple gaugeon vertexes. 

n n 1 ^— \™ 1 -|— r 1 

fe=i M 2 —p\ — ie ~ ^fe=i M 2 -p\- is LL&k v \ - p 2 ^ 

The left hand side of this equation is an analytic function Fl (M 2 ) with poles at the points M 2 = p\ and the 
right hand side is another analytic function Fr (M 2 ) with poles at the same points, and with the same residues. 
The difference, F (M 2 ) = Fl (M 2 ) — Fr (M 2 ) is an analytic function with no poles, and goes to zero as M 2 goes to 
infinity. It is therefore zero by Liouvilles theorem [10( , which proves Eq. ( |52"|) . 

The n-gaugeon vertex can be expressed as 



8 



HI 



(2tt) 4 8(p'-J2<lk- p) Vt-Z" (p'> ?i ' ' ' Qn,p) 



(2tt 



,4(n+2) 



raiJ (pO Vfe=i MQfeafe (ft) 7 (p) 



n 



-H„ 



(53) 



which yields an expression of the form 



poo 

rfcr 9i ' ' ' ?n,f) - K J dM 2 (M 2 ) 2 - d " G M fa/) J] (^m (fc))} f 



(54) 



where the sum is over the various permutations of the external gaugeon lines and the term with n total gaugeon 
lines is to be taken. 

For example, we give the explicit expansion for n = 2. 



r ab ^{p', q ', q , P ) = K c 



dM- 



(M 2 ) 2 G M fa/) {Gm (p + q )(p' +p + q ) a (2p + qf T% 
+ G M (p + <?') (p'+ P + q'f (2p + q'f T b T a + {T\ T b ) G M (p) 

Using Eq. ( [52j) this can be expressed as 



(55) 



T aba ? (p', q', q,p) = (p'+p + qf (2p + qf T a T b 

fir- 1 Cp) 



s- 1 (p' 



(p"-(p + g) 2 ) ( P ' 2 - P 2 ) 



(p 2 -(P + qf) (P 2 - P' 2 ) (p 2 - (P + qf) (p' 2 ~(P + qf) 

s- 1 fa/) 



+ (p'+P + q'f (2p + q'f T b T a 

s- 1 (P) 



(p a -{p + q'f) (p' 2 -p 2 ) 

s-Hp + q') 



(p 2 - (p + q'f) (p 2 - p' 2 ) (p 2 -(p + q'f) (p' 2 - (p + q'f) 
{T a ,T b }T 1 c 



,a ^ ^0,0 fa/) ~ ^ (P) 



(56) 



These vertexes have also been derived using the Terning method by Liao [llj [1 



7. DIAGRAMS. 

We will use diagrams to express these gaugeon-unparticle vertexes in which the integral over the unparticle mass 
is indicated by a heavy line extending between two small circles. The gaugeons will be indicated by dashed lines. 
The segments of the unparticle line between intersections with gaugeon lines correspond to Gm factors. The single 
gaugeon vertex is then shown in Figure 1. The two main contributions to the double gaugeon vertexes are shown 
in Figures 2 and 3. A third contribution to the unparticle-double gaugeon vertex, T2, that comes from two single 
gaugeon vertexes connected by an unparticle propagator is shown in Figure 4. Reading it off from the figure and 
symmetrising with respect to the gaugeons gives 



if a0 (p', q', q,p) = - ( ^ + f + g) " 2 T° [S- 1 (p>) - S- 1 (p + q)] S {p + q) 
p' 2 -(p + q) 

x f {2p+ J f 2 T b [S-i( P + q)-S-i(p)] 

(p + q) -v 

iP ' +P + q %T b [S" 1 (p') S-' (p + q')] S(p + q>) 



p a — [p + q') 



(p + q') — p 



-^—T a [S-'ip + q^-S-'ip)} 



p' 



P 



FIG. 1: The one gaugeon vertex 



« v < o 



FIG. 2: The ^contribution to the double gaugeon-unparticle vertex. 



P 1 P+q I P 



FIG. 3: The {P, A} Gm {P, A} contribution to the double gaugeon vertex. 
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p' 



I 



p+q 
— *— 



P 



FIG. 4: The remaining contribution to the double gaugeon vertex. 



8. CONCLUSIONS 



We have shown that the bosonic unparticle action made gauge invariant by an open Wilson line factor can be 
transformed into the differential-integral operator unparticle action. The two actions should therefore give the same 
vertexes. This is done by ignoring, as is usually done, the extra term that should be present on the right hand side of 
Eq. (|5|). [8] It is conceivable that the vertexes would be different if this extra term was actually taken into account. 

We have also shown that there is a diagramatic technique that allows one to read off fairly easily the unparticle- 
gaugeon vertexes from the differential-integral operator unparticle action. 
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